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1. INTRODUCTION
Let R be the set of real numbers, R+ = 0;∞, and Nn0 = n0; n0 +
1; : : :, n0 ≥ 1. As usual for any function ux Nn0 → R we define the forward
difference operators as
10un = un; 1mun =
mX
i=0
−1m−i

m
i

un+ i
for m ≥ 1 and for all n; k ∈ N , k ≤ n, we use the factorial notation nk =
nn− 1 · · · n− k+ 1 with n0 = 1:
We consider the asymptotic behavior of solutions of the nonlinear differ-
ence equation
1myn + f n; yn; yn+1; : : : ; yn+m−1 = bn; E
where m ≥ 2, n ∈ Nn0 , bx Nn0 → R, and f x Nn0 ×Rm→ R: Here yn = yn,
bn = bn.
It is known that in the case when the function f is “small” in some sense,
then the solutions of Eq. (E) are asymptotically equivalent with the solu-
tions of the following difference equation: 1mzn = bn as n→∞. This prob-
lem for differential equations has been considered in [1], [2], [4], [5], and
[10] and for difference equations in [3] and [6]–[9]. However, the conditions
*E-mail: agleska@math.put.poznan.pl.
† E-mail: jwerbow@math.put.poznan.pl.
456
0022-247X/98 $25.00
Copyright © 1998 by Academic Press
All rights of reproduction in any form reserved.
a nonlinear difference equation 457
imposed on the function f concern certain specified classes of difference
equations.
The purpose of this paper is to consider the above problem using a com-
parison method differing in a number of ways from those previously ap-
plied. Namely, we reduce the problem of asymptotically equivalent solutions
of a difference equation of higher order to the boundedness of solutions of
some difference equation of first order. In consequence, our conditions im-
posed on the function f are less restrictive than those previously required
by other authors.
By a solution of (E) we mean a nontrivial sequence y satisfying (E) on
Nn0 . Throughout, with respect to Eq. (E) we shall assume that there exists
a function Bx Nn0 × Rm+ → R+ nondecreasing with respect to the last m
arguments such that
f n; a1; a2; : : : ; am ≤ Bn; a1; a2; : : : ; am 1
for n ∈ N and ak ∈ R k = 1; 2; : : : ;m:
Lemma 1. Let Qx Nn0 → R+ be a function such that
1iQn > 0 i = 1; 2; : : : ;m− 1 and 1mQn ≥ 0 for n ∈ Nn0 2
and let y be a solution of (E) satisfying the initial conditions
ck =
1kyn0  k = 0; 1; : : : ;m− 1: 3
Then the following inequality holds:
yn+i ≤ c + gnQn+i i = 0; 1; : : : ;m− 1 for n ∈ Nn0; 4
where
c =
m−1X
k=0
ck
1kQn0
and gn = max
 1m−1ys
1m−1Qs
x n0 ≤ s ≤ n

: 5
Proof. Let y be a solution of (E) satisfying the initial conditions (3).
Then from (5) and (2) it follows that
1m−1yn ≤ gn 1m−1Qn ≤  cm−11m−1Qn0 + gn

1m−1Qn for n ∈ Nn0 :
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In view of the nondecreasing character of g and 1m−2Q and the above
inequality we obtain
1m−2yn = 1m−2yn0 + n−1X
k=n0
1m−1yk

≤ cm−2 +
n−1X
k=n0

cm−1
1m−1Qn0
+ gk

1m−1Qk
≤ cm−2 +

cm−1
1m−1Qn0
+ gn−1

1m−2Qn − 1m−2Qn0

≤

cm−2
1m−2Qn
+ cm−1
1m−1Qn0
+ gn−1

1m−2Qn
≤

cm−2
1m−2Qn0
+ cm−1
1m−1Qn0
+ gn

1m−2Qn:
Repeating the above calculations we get
1iyn ≤ m−1X
k=i
ci
1iQn0
+ gn

1iQn ≤ c + gn1iQn i = 0; 1; : : : ;m− 1:
Now, using the above inequality in the relation
yn+i =
iX
k=0

i
k

1i−kyn i = 0; 1; : : : ;m− 1;
we obtain
yn+i ≤
iX
k=0

i
k

1i−kyn ≤
iX
k=0

i
k

c + gn1i−kQn
= c + gn
iX
k=0

i
k

1i−kQn = c + gnQn+i;
which completes the proof.
2. MAIN RESULTS
Observe that because of the appearance of the function b in Eq. (E) two
cases can occur: either the series
P∞ bk is convergent or it is divergent.
First we consider the case when the series
P∞ bk can be divergent.
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Theorem 1. Let Qx Nn0 → R+ be as in Lemma 1. In addition suppose
that
lim
n→∞1
m−1Qn = ∞ 6
and
lim
n→∞
Pn−1
k=n0 bk
1m−1Qn
= γ = constant: 7
If every solution of the difference equation of first order
1ρn =
1
1m−1Qn
Bn; ρnQn; ρnQn+1; : : : ; ρnQn+m−1 8
is bounded, then every solution y of (E) has the property
lim
n→∞
1iyn
1iQn
= γ i = 0; 1; : : : ;m− 1: 9
Proof. Summing both sides of Eq. (E) from n0 to n− 1 and next dividing
by 1m−1Qn we get
1m−1yn
1m−1Qn
= 1
m−1yn0
1m−1Qn
+ 1
1m−1Qn
n−1X
k=n0
bk
− 1
1m−1Qn
n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1: (10)
From (6) and (7) it follows that the first term on the right-hand side of (10)
tends to zero and the second term tends to γ as n → ∞. We shall prove
now that
lim
n→∞
1
1m−1Qn
n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1 = 0: 11
Using assumptions (1), (2), and (6) in (10) we obtain
1m−1yn
1m−1Qn
≤ 1
m−1yn0 
1m−1Qn
+ 
Pn−1
k=n0 bk
1m−1Qn
+ 1
1m−1Qn
n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1
≤M1 +
n−1X
k=n0
1
1m−1Qk
Bk; yk; yk+1; : : : ; yk+m−1 (12)
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where
M1 = sup
n≥n0
1
1m−1Qn

1m−1yn0  +
 n−1X
k=n0
bk
:
From (4) of Lemma 1 we have for n ∈ Nn0
yn+i ≤ c + gnQn+i i = 0; 1; : : : ;m− 1;
where c and g are the same as defined in (5).
Let zn = c + gn. Then
yn+i ≤ znQn+i i = 0; 1; : : : ;m− 1 for n ∈ Nn0 13
and from (12) we derive
zn= c+ gn≤M2+
n−1X
k=n0
1
1m−1Qk
Bk; zkQk; zkQk+1; : : : ; zkQk+m−1; 14
where M2 = c +M1.
Let ρ be a solution of Eq. (8) satisfying the initial condition ρn0 = 2M2.
Then from (14) it follows that
zn < ρn = 2M2 +
n−1X
k=n0
1
1m−1Qk
Bk; ρkQk; ρkQk+1; : : : ; ρkQk+m−1:
Since all solutions of (8) are bounded we have
zn ≤M3 = sup
ρnx n0 ≤ n <∞} 15
and
∞X
k=n0
1
1m−1Qk
Bk;MQk;MQk+1; : : : ;MQk+m−1 <∞ 16
for any M ∈ R+. Therefore (2), (6), and (16) give
lim
n→∞
1
1m−1Qn
n−1X
k=n0
Bk;M3Qk;M3Qk+1; : : : ;M3Qk+m−1 = 0: 17
From (1), (13), and (15) we derive for k ∈ Nn0
f k; yk; yk+1; : : : ; yk+m−1 ≤ Bk; yk; yk+1; : : : ; yk+m−1
≤ Bk; zkQk; zkQk+1; : : : ; zkQk+m−1
≤ Bk;M3Qk;M3Qk+1; : : : ;M3Qk+m−1:
The last inequality with (17) gives (11), which completes the proof of the
theorem.
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Theorem 2. Suppose that
P∞
k=n0 bk is convergent. If every solution of the
difference equation of first order
1ρn = B
(
n; ρnn+mm−1; ρnn+m+ 1m−1; : : : ;
ρnn+ 2m− 1m−1

(18)
is bounded, then every solution y of Eq. (E) has the property
lim
n→∞
1iyn
nm−1−i
= δm− 1− i! ; δ= constant i = 0; 1 : : : ;m− 1: 19
Proof. Summing both sides of Eq. (E) from n0 to n− 1 we obtain
1m−1yn = 1m−1yn0 +
n−1X
k=n0
bk −
n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1: 20
First we observe that
lim
n→∞

1m−1yn0 +
n−1X
k=n0
bk

= constant. 21
Now, we shall prove that
lim
n→∞
n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1 = constant. 22
From (1) and (21) we obtain
1m−1yn ≤ 1m−1yn0  +
 n−1X
k=n0
bk
+ n−1X
k=n0
f k; yk; yk+1; : : : ; yk+m−1
≤M1 +
n−1X
k=n0
Bk; yk; yk+1; : : : ; yk+m−1; (23)
where
M1 = sup
n≥n0

1m−1yn0  +
 n−1X
k=n0
bk
:
Let Qn = n+mm−1/m− 1! in Lemma 1. Then
yn+i ≤ c + gn
n+m+ im−1
m− 1! i = 0; 1; : : : ;m− 1
for n ∈ Nn0 , where gn = max1m−1ysx n0 ≤ s ≤ n and
c =
m−1X
k=0
ckm− k− 1!
n0 +mm−k−1
:
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If we put zn = c + gn/m− 1! then
yn+i ≤ znn+m+ im−1: 24
Hence from (23) we obtain
zn =
c + gn
m− 1! ≤ c + gn
≤ M2 +
n−1X
k=n0
B
(
k; zkk+mm−1; zkk+m+ 1m−1; : : : ;
zkk+ 2m− 1m−1

; (25)
where M2 = c +M1.
Let ρ be a solution of Eq. (18) satisfying the initial condition ρn0 = 2M2.
Then from (25) it follows that
zn <ρn = 2M2
+
n−1X
k=n0
B
(
k; ρkk+mm−1; ρkk+m+ 1m−1; : : : ;
ρkk+ 2m− 1m−1

: (26)
Since all solutions of (18) are bounded we have
zn ≤M3 = sup
ρnx n0 ≤ n <∞} 27
and
∞X
k=n0
B
(
k;Mk+mm−1;Mk+m+ 1m−1; : : : ;
Mk+ 2m− 1m−1 <∞ (28)
for any M ∈ R+. Combining (1) with (24) and (27) yields
f k; yk; yk+1; : : : ; yk+m−1
≤ B(k; yk; yk+1; : : : ; yk+m−1
≤ B(k; zkk+mm−1; zkk+m+ 1m−1; : : : ;
zkk+ 2m− 1m−1

≤ B(k;M3k+mm−1;M3k+m+ 1m−1; : : : ;
M3k+ 2m− 1m−1

for k ≥ n0. From the above inequality and (28) it follows that (22) holds.
Therefore the right-hand side of equality (20) has a finite limit. Thus we
conclude that limn→∞ 1m−1yn = δ = constant, which completes the proof
of the theorem.
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3. APPLICATIONS
The comparison theorems presented here give us the possibility to de-
termine asymptotic behavior of solutions of difference equations of higher
order based on the boundedness of solutions of corresponding first order
difference equations. For many classes of first order difference equations
we can give the conditions which will guarantee the boundedness of so-
lutions; therefore based on Theorems 1 and 2 we can give explicitly the
conditions implying asymptotic properties of solutions presented in (9) or
(19). For example, consider the nonlinear difference equation of the form
1myn +
m−1X
i=0
pinyn+iαi sgn yn+i = bn; NE
where m ≥ 2, pi; bx Nn0 → R, and αi ∈ 0; 1 i = 0; 1; : : : ;m− 1.
Corollary 1. Let Qx Nn0 → R+ satisfy conditions (2), (6), and (7). If
∞X
n=n0
1
1m−1Qn
m−1X
i=0
pinQαin+i <∞; 29
then every solution y of (NE) has the property
lim
n→∞
1iyn
1iQn
= γ i = 0; 1; : : : ;m− 1: 30
Proof. By Theorem 1 it is sufficient to show that under condition (29)
every solution of difference equations of the form
1ρn =
1
1m−1Qn
m−1X
i=0
pin ρnαiQαin+i 31
is bounded. Now summing both sides of Eq. (31) from n0 to n− 1 we have
ρn ≤ ρn0  +
n−1X
k=n0
1
1m−1Qk
m−1X
i=0
pik ρkαiQαik+i + 1: 32
Denoting the right-hand side of the above inequality by rn we obtain ρn ≤
rn: Therefore
1rn =
1
1m−1Qn
m−1X
i=0
pin ρnαiQαin+i
≤ 1
1m−1Qn
m−1X
i=0
pinrnαiQαin+i
≤ rnα
1
1m−1Qn
m−1X
i=0
pinQαin+i;
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where α = maxα0; α1; : : : ; αm−1. SinceZ rn
rn0
u−α du ≤
n−1X
k=n0
1rk
rkα
≤
n−1X
k=n0
1
1m−1Qk
m−1X
i=0
pikQαik+i;
we obtain
rn ≤ rn0 exp
 n−1X
k=n0
1
1m−1Qk
m−1X
i=0
pikQαik+i

for α = 1
and
rn ≤

rn01−α + 1− α
n−1X
k=n0
1
1m−1Qk
m−1X
i=0
pikQαik+i
1/1−α
for 0 ≤ α < 1:
From the above inequalities and (29) it follows that there exists a positive
constant M such that ρn ≤ rn ≤M for n > n0, which completes the proof
of Corollary 1.
Corollary 2. Suppose that
P∞
k=n0 bk is convergent. If
∞X
n=n0
m−1X
i=0
pinn+m+ im−1αi <∞ 33
then every solution of (NE) has the property
lim
n→∞
1iyn
nm−1−i
= δm− 1− i! ; δ = constant i = 0; 1 : : : ;m− 1: 34
Proof. The proof can be done in a manner similar to the proof of Corol-
lary 1.
Remark. Finally we note that we can give explicitly for Eq. (E) the con-
ditions which will guarantee the asymptotic properties (9) or (19) of solu-
tions of Eq. (E), obviously putting some additional conditions on function
B which bounds the function f . For example, if we assume that the function
B is homogeneous with respect to the last m arguments, i.e.,
Bn; λa1; λa2; : : : ; λam=λαBn; a1; a2; : : : ; am; 0<α≤ 1; H
then proceeding in a manner analogous to the proofs of Corollaries 1 and 2
we can prove the following theorems.
Theorem 3. Let (1), (2), (6), (7), and (H) be satisfied and moreover let
∞X
n=n0
1
1m−1Qn
Bn;Qn;Qn+1; : : : ;Qn+m−1 <∞:
Then every solution y of (E) has property (9).
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Theorem 4. Suppose that
P∞
k=n0 bk is convergent and conditions (1) and
(H) are satisfied. Moreover let
∞X
n=n0
Bn; n+mm−1; n+m+ 1m−1; : : : ; n+ 2m− 1m−1 <∞:
Then every solution y of (E) has property (19).
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